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Table 1 Computed natural frequencies

Finite element Corrected
14-DOF

rad/s
41.74

166.99
376.16

3-DOF
rad/s c

41.75
168.15
397.62

7o error

0.03
0.69
5.71

3-DOF

rad/s
41.74

174.77
376.15

% error

0.0008
4.6600

-0.0030

Table 2 Estimated parameters

A:ii
*21
*22
*31
AT32
*33

mn
m2\
m22
W31
ra32
"*33

Reduced
finite-element

model

x 105

0.28351
-0.27119

0.39445
0.11094

-0.27119
0.28351

X 10-1

5.8509
0.47902
5.5981

- 0.25279
0.47902
5.8509

Correcting
term

-0.01343
0.02859

-0.04031
- 0.02686

0.02859
-0.01343

0.01424
0.02570
0.04427
0.02848
0.02570
0.01424

Corrected
model

0.27008
- 0.24259

0.35414
0.08408

- 0.24259
0.27008

5.8651
0.50472
5.6423

- 0.22432
0.50472
5.8651

are given in Table 1, and reduced finite-element and corrected
parameters are provided in Table 2. It should be noted that the
corrected model retains the natural symmetry of the simply
supported beam problem (i.e., k\\ = £33, k2\ = £32, m\\ = ^33,
and m2\ = fw32). Figure 2b shows an acceleration spectrum
obtained after the load had been moved to one-quarter span.

The corrected model is shown to be significantly more accu-
rate than a Guyan-reduced model in predicting the first and
third eigenvalues. In the computation of the second eigen-
value, the reduced model is marginally better than the cor-
rected model. Overall, the corrected model is superior to the
reduced model in replicating the measured acceleration spec-
tra. The estimated parameters deviate minimally from the
parameters of the initial model and may be considered to be
physically meaningful in the sense that a finite-element model
is meaningful. As a final test of goodness, the model is able to
predict accurately the response of the beam to loading condi-
tions which differ from the loads applied in the test.
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Effects of Curvature on Composite
Material Beams

G. E. Mabson*
Boeing Helicopters, Philadelphia, Pennsylvania

Nomenclature
A' = laminate A' matrix
a = constant
b = flange width
Ci,c2,c3,c4 = constants
D = laminate D matrix
/ = flange
FBSC = flange bending stiffness coefficient
k\,k2,k^k^k5 = constants
LC - lip coefficient
/ = length, /-subscript: lip
M = laminate moment resultant
N = laminate stress resultant
NA = neutral axis
Q = laminate transverse shear stress resultant
q = transverse shear loading
R = radius to flange midplane
RRSC = root radial stiffness coefficient
RS = radial support
RTBSC = root transverse bending stiffness coefficient
/ = thickness
u = superscript: undeformed
w,v,w = displacement in circumferential, yt z or,

r directions, respectively
w = subscript: web
WPRC - web Poisson's ratio coefficient
ce = effectivity
(3 = transverse bending factor
e = strain
a = stress
Much of the nomenclature is based on classical lamination
theory.1

Introduction

CURVATURE can have a significant effect on the stress
distributions and failure modes of laminated composite

material beams as compared to predicted behavior using
isotropic material properties. This Note presents a classical
analysis procedure for curved composite material beams with
thin flanges.

Curvature effects on beams with wide flanges are illustrated
in Fig 1. The major effects of an applied moment in the plane
of beam curvature can be summarized as follows.

1) The neutral axis of the beam section shifts toward the
concave side.

2) The axial bending stress distribution is nonlinear in the
radial direction.

3) The flange axial load induces radial flange loading.
4) The induced radial flange loading causes a transverse

flange bending moment and a nonlinear axial bending stress
distribution in the flange width direction.

5) The transverse flange bending moment induces interlam-
inar (radial) stresses in the curved flange root area.

These phenomena (items 1 to 4) have been studied exten-
sively for isotropic materials.2'4 Design curves are readily
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Fig. 1 Curvature effects on beams with wide flanges.

available5 to allow stress analysts to analyze isotropic beams
quickly.

Composite material beams are often designed with their
webs optimized for in-plane shear carrying capability and their
flanges optimized for in-plane axial loads. This type of design
can result in low transverse bending stiffness (i.e., bending
stiffness in the plane of the beam cross section) in both the
web and the flange, which in turn drastically reduces the
flange effectivity and results in transverse bending moments
different from predictions for isotropic materials due to in-
creased flange distortions.

Finite element methods have been used to analyze curved
composite beams, but these procedures are often unsuitable
for initial design purposes.

Flange Stress Analysis
The relationship between the axial flange stress resultant

and the flange deflection is (see Fig. 2)

The transverse bending moment resultant is expressed as

d2w
M^~D^-^ (2)

for cylindrical bending about the x axis ignoring in-plane/
bending coupling and assuming t/R < 1. Induced transverse
(radial) flange shear loading is related to the transverse bend-
ing moment resultant by

d2My

and also related to the axial flange loading

= *!'
R

Combining Eqs. (1-4) results in

d4w

(3)

(4)

dy4

where

The solution is

(5)

w = -N;/M1
/
1/|sinT^(c1si. ay ay ciy

c2 cosil

ay . , ay , ^ .
+ Cos7f I C3 smh71+ °4 cosh:7^ ' ~ (6)

Solution
The four constants (Q, c2, c3, and c4) are solved for by

considering boundary conditions at each end of the flange.
Table 1 summarizes the appropriate equations for a flange
with a lipped free end. Additional information on the deriva-
tion of these equations can be found in Ref. 6.

The distance /NA is measured in the z direction from the
flange-root midplane to the location on the web where the
slope equals zero. For channel or Z sections, the distance to
the neutral axis provides a reasonable estimate. The distance
/RS is measured in the z direction from the flange midplane to
the location of web radial support (i. e., where the web radial
deflection is zero).

Note that the distances /NA and /RS are dependent on the
effective section properties, which are values that the analysis
is attempting to predict. The initial estimates for these dis-
tances are compared to the calculated distances, and an itera-
tive procedure is recommended if there is a significant error.
These distances are also dependent on the overall beam
boundary conditions. Because of the difficulty in estimating
these distances, the use of maximum and minimum possible
values may be helpful when attempting to determine conserva-
tive predictions.

Flange Stress Ratio
The stress resultant ratio in the flange is

Nx
—u

ay ay ay+ c2 s m =
ay_
V2

+ c3
ay . ay ay , a^

s-pi sinh-p + c4 cos-p cosh-7=
V2 V2 V2 V2 (7)

Note that N" is the stress resultant in an undeformed flange
(i.e., w = 0), not necessarily the stress resultant aty = 0 or any
other location on the flange.

Flange Effectivity
The flange stress ratio is often difficult to use. A more

convenient way of expressing this result is to introduce an
"effective flange length" equal to the actual flange length (b)
times the flange effectivity (a/). This effective flange length is
the length that would be used when calculating the moment of
inertia for overall section bending analysis.

The flange effectivity (a/) is the ratio of the effective flange
cross-sectional area to the actual flange area, and is defined as
follows

1
= — [ci(^mk\ cosh/:! — coski sinhki)

+ c2(sin/:! sinh/:i - cos/:i coshk{ + 1)

+ c3(sin/:i s'mhki + cos/:i cosh/:i — 1)

+ c4(smki coshki + cosArj sinh/:i)] (8)

Fig. 2 Flange geometry.
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Table 1 Summary of equations for ci, ci, £3, and 04 for a flange with a lipped free end

coski coshki coski sinhki — sinki coshki — sinki sinhki

coski sinhki coski coshki — coski coshki — coski sinhki
— sinki coshki — sinki sinhki — sinki sinh&i — sinki coshki

— k2 sinki sinhki — k2 sinki coshki — k2 coski sinhki — k2 coski coshki

k3 - 1 - 1 0

0 k4 — k4 — 1

ci "

C2 =

~ 0 '

0

0

k5

Note: The fourth equation shown is valid only for N" ~ NX \y = o. This can be assumed correct for small radial displacements of the flange/web
interface.

Where

! = 2k\ RTBSC = 0, flange slope = 0 at y = 0

RD22fR
, channel, outer flange

D22fR R
——— in ————— , channel, inner flange
D22wb R + /NA

R\ RD22fR
——— 1 + 1 -

r ( Ri + ( i+ —
L \ /NA,

~~ ^NA.

R
+ /NA

,Z, outer flange

,Z, inner flange

k4 = k\ RRSC,

RRSC
- 2D22fA22wR

2D22fA22 R
- ———————

R

R + /RS
, inner flange

= WPRC-\t

, outer flange, constant web stress resultant

— , inner flange, constant web stress resultant

, outer flange, varying web stress resultant

— , inner flange, varying web stress resultant

Lip Effectivity
The lip effectivity (a/) is defined similarly to the preceding

flange effectivity and is the ratio of the effective lip cross-
sectional area to the actual lip area.

sinki sinhki + c2 sinki cosh/:!

+ c4 (9)

Transverse Bending Factor
For isotropic material cross sections, the transverse bending

factor (/5) is
P — °y surf ace/^

For composite material cross sections, the equivalent trans-
verse bending factor is

(3= -6-JFBSCCl (10)

The transverse bending moment resultant at the web/flange
interface is

Mv (11)

Summary of Flange Stress Analysis
Bleich's,2 Anderson's,3 and Westrup and Silver's4 "exact"

analyses are reproduced by making the following assumptions:
1) isotropic material cross section, 2) rigid webs in transverse
bending (or enforcing symmetry about the y = 0 plane), and
3) negligible web/flange interface radial displacement.

Radial Stress in the Web/Flange Radius
Beams designed using composite materials often have

flange/web interfaces with the laminate curving from the
flange to the web with a constant radius.

The transverse bending moment (see Fig. 1) at the flange
root causes radial (i.e., interlaminar) stresses at the web/
flange radius.

In a curved beam, one source of this transverse bending
moment was described [see Eq. (11)].

These radial stresses are much smaller in magnitude than the
in-plane stresses for most practical beams. In metal beams,
where the material properties are similar in all directions, these
radial stresses usually have minimal effects on failures com-
pared to the in-plane stresses. In epoxy matrix composites,
these radial stresses can lead to the primary mode of failure.
Recently, composite structures have been analyzed for this
phenomenon for compressive radial stresses and for tensile
radial stresses.7'8 These analyses rely primarily on finite
element techniques that can be too time consuming and cum-
bersome for initial sizing of structure. A partial closed form
solution for a one-ply laminate is presented in Ref. 9. An
overview of failures in curved regions of composite hardware
due to transverse tensile stresses is presented in Ref. 10.

A classical solution for this phenomenon is presented in
Ref. 11. This is an exact closed form analysis of a curved
laminate subjected to bending and/or thermal loading and
provides an ideal companion to the analysis presented in this
paper.

Conclusions
A classical solution for bending in a curved composite beam

has been presented. Predicted quantities include flange effi-
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ciency factors, transverse bending factors, and in-plane flange
stress distributions. The solution presented reproduces previ-
ously accepted solutions for isotropic materials when the ap-
propriate assumptions are made. This solution enables curved
composite beams with thin flanges to be quickly analyzed.
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Finite Element Analysis
of Long Cylindrical Shells

taken into account in the numerical scheme. Unfortunately,
the analyst has usually only a rough ideas as to where this layer
ends, and a superfluous domain has to be included in the com-
putation to insure a conservative analysis. Even if large finite
elements are being used in the less interesting region, one must
use a transition zone in which the elements are made gradually
larger, in order to avoid significant local errors. All of these
considerations lead to a discretization with many elements.

In this Note, we consider the problem of a long cylindrical
shell loaded axisymmetrically. We show how to eliminate most
of the domain in an exact manner, such that the remaining
computational domain is small. Thus, only a small domain
has to be discretized. Also, the ambiguity related to the length
of the boundary layer is totally avoided. The procedure
adopted here is similar to the one that has been used in Keller
and Givoli1 for the reduced wave equation and in Givoli2 for
the equations of elastostatics. In Givoli and Keller,3 the
general mathematical features of the method are explained in
detail.

Finite Element Formulations
In applying the method to one-dimensional bending prob-

lems we consider three different finite element formulations.
A discussion on these formulations can be found in Strang and
Fix,4 Carey and Oden,5 and Hughes.6

As an example, we consider a cylindrical shell of length L
clamped at both ends and loaded axisymmetrically. We
assume that outside a small region near the end x = L the
cylinder is linear and uniform. We define the computational
domain to be the small interval [R,L], where x = R is a point
bounding the nonlinear or nonuniform portion of the
cylinder. At the point x = R we shall impose an exact boundary
condition. This boundary condition is obtained by solving the
problem analytically in the large interval [Q,R].

The first formulation that we consider is based on the
following statement of the problem:

Et
(Etc2u")+——u=p R<x<L (D

Dan Givoli*
Technion—Israel Institute of Technology, Haifa, Israel

Introduction

T HE numerical analysis of long structural elements such as
beams and cylindrical shells often requires large computa-

tional effort. In many cases, the analyst is only interested in a
relatively small region in which most of the physical activity
takes place. This region may be characterized by some "ir-
regularities," such as geometrical and material nonlinearities,
anisotropy, inhomogeneity and nonuniform loading.
However, a standard approach necessitates the discretization
of the entire beam or cylinder. Thus, part of the computation
is superfluous as far as the analyst is concerned. An example is
the stress analysis of a helicopter rotor blade, modeled as a
long beam. Most of the blade behaves linearly, but near the
root there may be a region of plasticity, large rotations and
other sources of nonlinearities.

Moreover, in the bending analysis of a cylindrical shell the
response typically has the nature of a boundary layer, outside
of which the solution decays quickly. This means that only the
segment of the cylinder including this boundary layer has to be

w ( L ) = M ' ( L ) = 0 (2)

and the exact boundary condition at x = R, which has the form

u"(R)
m[2

m
u(R)
u'(R) (3)

Here u is the lateral displacement, E the Young's modulus, p
the distributed lateral load, t the cylinder thickness, a the
cylinder radius, and c the reduced thickness defined by
c2 = t2/\2 (1 - v2) where v is Poisson's ratio. Since u'" and u"
are force quantities and u and u' are displacement quantities,
the matrix m in Eq. (3) is the "edge stiffness matrix" in this
case.

The resulting finite element formulation is of a C1 type, in
which the shape functions are required to possess a continuous
first derivative. The Hermite cubic shape functions satisfy this
requirement. The final linear system of finite element equa-
tions is Kd = F, where d is the vector of unknowns at the
nodes, and the stiffness matrix K can be written as the sum

(4)

Here Kb is the contribution to the stiffness matrix from the ex-
act boundary conditions [Eq. (3)]. An explicit expression for
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All other entries in Kb are zero. We see that m12 = - ra2i
necessary condition to maintain the symmetry of K.

(5)

is a


